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We investigate the emergence of superfluid p = px+ipy phases in an ultracold gas of dipolar Fermi
molecules lying in two parallel square lattices in 2D. As shown by a two body study, dipole moments
oriented in opposite directions in each layer is the key ingredient in our mean field analysis from
which unconventional superfluidity is predicted. The T = 0 phase diagram summarizes our findings:
Stable and metastable superfluid phases appear as a function of the dipole-dipole interaction coupling
parameter. A first order phase transition, and thus a mixture of superfluid phases at different
densities, is revealed from the coexistence curves in the metastable region. Our model predicts that
these superfluid phases can be observed experimentally at 0.6 nK in molecules of NaK confined in
optical lattices of size a = 532nm.
I. INTRODUCTION
Experimental evidence suggests that Cooper pairing in
high Tc superconducting materials, in unconventional su-
perconductors and in superfluid 3He, is not in the usual
zero angular momentum state, instead, pairs are bound
in a d-wave, p−wave or higher order superconducting
order parameter [1–8]. Also from phenomenology, the
consensus is that in the particular case of cuprates and
ruthenates, the transport with zero viscosity results from
the formation of Cooper pairs traveling in planes [9, 10].
Such a frictionless transport, characterized by a non s-
wave energy gap, still remains as an open question be-
cause the mechanism that replaces the usual electronic
pairing through phonons is unknown.
As it is also well known, the existent analogies be-
tween neutral superfluids and charged superconductors,
make ultracold atoms and molecules the best candidates
to emulate condensed matter systems behavior. In par-
ticular, ultracold polar molecules can be used to access
the physics of correlated pairs that form unconventional
superfluid phases belonging to a 2D domain. The long-
range character of dipolar interaction manifested in pro-
ducing a contribution of all partial waves at low energies
[11–14], together with its partial attractiveness, open the
possibility of producing BCS pairing. These characteris-
tics of dipolar interactions provide the key ingredients to
investigate higher superfluid pairing mechanisms through
a BCS mean field scheme characterized by the order pa-
rameter ∆(r− r′) = Vdip(r− r′)〈Ψˆ(r)Ψˆ(r′)〉.
The research of unconventional superfluid phases has
attracted the interest of the ultracold Fermi gases com-
munity for more than a decade. In particular, the search
and observation of p−wave superfluid phases have be-
come a major research goal. In part, this is motivated
because of the potential applications that such systems
offer in quantum information processing [15, 16]. Current
experimental facilities allow the design of ad hoc systems
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in which dc and ac external electric fields can be varied to
control both, the strength and anisotropy of dipole-dipole
interactions. For instance, very recently the strongly in-
teracting regime in dipolar 167Er atoms loaded in a 3D
optical lattice has been reached [17]. As proposed in Refs.
[18, 19], due to the repulsive core between dipoles situ-
ated in a bilayer array, the s−wave pairing is suppressed
and, instead, p−wave or higher partial wave superfluid
phases arise in molecules with rotational moments J = 0
and J = 1.
FIG. 1: (Color online) Schematic representation of dipolar
Fermi molecules situated in a bilayer array composed of par-
allel optical lattices in two dimensions.
In this manuscript we investigate unconventional su-
perfluid phases of ultracold dipolar Fermi molecules and,
in particular, we consider a prospect in which antisym-
metric pairing may emerge. For this purpose we consider
molecules confined in a bilayer array composed of 2D op-
tical lattices having square symmetry, with the molecules
oriented in opposite directions, see Fig 1. The strong
tail-tail repulsion between molecules lying in on-site po-
sitions in layers A and B inhibits pairing formation; in
contrast, Cooper pairing is favored when molecules lo-
cate at different lattice sites. Thus, superfluidity arises
as a consequence of the energy saving associated to a re-
duction of the electrostatic repulsion. It is important to
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2mention that superfluidity of the system here studied is
analogous to superconductivity of Sr2RuO4, in the sense
that the frictionless transport of pairs has the same ori-
gin, namely, electrostatic interactions. Thus, besides the
physics of superfluidity that can be addressed, our model
can also be used to access the physics of unconventional
ruthenate superconductors.
This paper is organized as follows. In section II we
describe the model, then, based on the analysis for scat-
tered pairs and bound states presented in section III, we
work in the BCS mean field approach to study uncon-
ventional superfluidity in section IV. As we shall demon-
strate, the proposed model predicts a first order phase
transition between superfluid phases at different densi-
ties, as a function of the interaction strength. This is
obtained from the stability criteria imposed by the sec-
ond law of thermodynamics, which allows to recognize
stable and metastable phases. The physics of the model
is summarized in the phase diagram at zero temperature.
In section V we determine the superfluid density tensor
with the purpose of establishing the BKT transition tem-
perature. Finally, we present our conclusions in section
VI.
II. MODEL
We consider polar Fermi molecules placed in two paral-
lel optical lattices in 2D separated by a distance L, being
the structure of each layer a square lattice of size a lying
in x − y plane, Vlatt(x, y) = sin2 piax + sin2 pia y. Layers
will be labeled as A and B. The dipoles are oriented
perpendicularly to the layers and in opposite directions
in different layers, see Fig. 1. As delineated in [19],
this type of configuration can be created by setting polar
molecules with rotational moments J = 0 and J = 1 in
layers A and B respectively. Then, applying an ac elec-
tric field, oriented perpendicularly to the lattices, gives
rise to having effective dipole moments pointing in op-
posite directions [20]. In this scenario the potential of
interaction between two molecules situated in different
layers is:
Vdip(r) = −d2 (r
2 − 2L2)
(r2 + L2)5/2
, (1)
where −d2 is the scalar product of the effective dipole
moments in the layers, L and r are the inter-layer and
intra-layer separations respectively [21]. Molecules can
move through sites in a given layer, but they cannot tun-
nel between layers. Given the arrangement illustrated in
Fig. 1, several interactions between pairs can arise, being
such interactions essential to define the possible phases or
ordered structures that can be formed [22–25]. The pur-
pose of this work is to study the p−wave superfluidity
emerging from attractive interactions between molecules
lying in layers A and B. Since dipoles are oriented along
opposite directions kˆ and −kˆ, and due to the discreteness
of positions of them in the lattices, the election of inter-
layer separation is a key parameter to ensure that attrac-
tive interactions dominate against attractive or repulsive
intra-layer interactions. In this work we shall consider
Λ = 0.2, being such dimensionless quantity defined in
terms of the lattice spacing a as Λ = L/a. We notice
that for this value of Λ, the interaction energy between
molecules lying in A and B layers is attractive except for
r = 0. In addition to the effective dipole-dipole interac-
tion strength χ = meffd
2/a~, with meff = ~2/2ta2 the
effective mass, superfluidity will be analyzed in terms of
the filling factor n.
III. TWO BODY PHYSICS
Since the robustness of superfluidity lies on the exis-
tence of the molecule pair formation, one should warrant
on one side that such pairs are not bound, but on the
contrary, molecules in each pair belong to states in the
continuum, and, on the other side, that pairs contribut-
ing to the superposition that defines the many body su-
perfluid state are energetically favorable, that is, that
its electrostatic energy is compatible with the condition
imposed by minimization of energy.
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FIG. 2: (Color online) Absolute value of the binding energy
of a dimer composed of two dipolar Fermi molecules lying in
a bilayer array of squares lattices in 2D. The binding energy
|EB | is plotted as a function of the effective dipole-dipole in-
teraction strength χ. Below χ < 0.5 pairs are not bound.
To get insight of the appropriate values for which the
effective dipole-dipole interaction χ tends to form either
scattered pairs and true bound state pairs, we examine
the physics of two molecules. First, we investigate the
bound energies EB as a function of χ. In Fig. 2 we
plot the solutions for the binding energy given by the
following equation,
1 =
1
Ω
∑
q
Vdip(q)
EB − EK,q (2)
being Vdip(q) the Fourier transform of the interaction
potential, Vdip(q) =
∑
r Vdip(r)e
−iq·r, with q the rel-
3ative momentum between two molecules lying in lay-
ers A and B, and Ω the number of sites. EK,q =
−4t(cos(Kxa/2) cos(qxa) + cos(Kya/2) cos(qya)), being
K the center of mass vector in the first Brillouin zone. As
one can see from Fig. 2, for values of χ < 0.5 molecules
are not bound, and thus for lower values of χ we are deal-
ing with purely fermionic physics. Notice that we have
plotted |EB |/t and thus dimeric molecular states exist
when |EB | exceeds 8t.
In addition to the examination of the two-molecule
binding energy in 2D, a simple analysis in 1D will al-
low us to delineate several conclusions for the scattered
pairs, and in particular to establish which pairs must be
considered in the many body picture. For this purpose we
solve by exact diagonalization the stationary Schro¨dinger
equation,
H|m〉 = Em|m〉,
considering just two molecules, with Hamiltonian,
H = −t
∑
〈i,j〉
(a†iaj + b
†
i bj + h.c.) +
∑
i,j
Vdip(i− j)a†i b†jbjai.
Where m is a simple label to identify the eigen-
states, which are linear superpositions of Fock states
|nA1 , nA2 , . . . nAΩ;nB1 , nB2 , . . . nBΩ 〉, being nA/Bi = 0 or 1.
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FIG. 3: (Color online) Energy spectrum of scattered pairs in
1D for χ = 0.4 and Nx = 60. Each scattered pair is composed
of two dipolar Fermi molecules lying in layers A and B. Notice
that the energy has been shifted by 4t to better appreciate
the full spectrum in logarithmic scale.
In Fig. 3 we plot the energy spectrum for χ = 0.4
and Nx = 60. To better appreciate the full spectrum the
energy has been shifted by 4t and plotted in logarith-
mic scale. As one can see most of the energies lie in the
range [0, 8t], while a small set of 60 levels have a large
energy E ∼ 200t. The pairs in the first category are as-
sociated to scattered pairs in which one of the molecules
occupies a given site in layer A and the other, placed in
layer B, can be find in a nearest neighbor position (nn),
or next nearest neighbor position (nnn), and so on. By
contrast, scattered pairs having E ∼ 200t correspond to
two molecules situated one on top of the other in layers A
and B, that is, they occupy the same site in both layers
(see top of Fig. 4). We shall call this last configurations
as on-site. We should stress that the energy necessary to
form this type of pairs is huge compared to that required
to form scattered pairs nn, nnn or other configurations.
This is why in the many body analysis such pairs in on-
site configurations must be neglected. This approxima-
tion resembles the one-layer homogeneous case where the
hard core repulsive is neglected in the superfluid analysis,
but of main importance in suppressing inelastic collisions
[11, 26]. As expected, the bottom of the energy spectrum
becomes shifted as the value of χ is increased. In fact, as
such effective interaction strength grows, scattered pairs
transform into localized dimers, resembling bound states.
To illustrate the occurrence of this fact in Fig. 4 we plot
the distribution pair configurations lying on-site (r = 0),
nn (r = 1), nnn (r = 2), and the successive configura-
tions, for χ = 1.8. As can be appreciated from this figure,
pair configurations beyond r = 10 are essentially null. At
the inset of the same figure we plot the distribution of
pair configurations for χ = 0.4, showing that pairs at
larger separations exist. This distribution is typical for
values of χ < 1.4.
FIG. 4: (Color online) Probability distributions of scattered
pairs of molecules situated in on-site (r = 0) and not on-
site (r 6= 0) configurations for χ = 1.8. The inset represents
probability distributions for χ = 0.4.
Two main statements can summarize the findings of
our two molecule study. The first is that the superfluid
state should be investigated considering values of the ef-
fective interaction lower than χ < 0.5. The second is that
pairs of molecules lying in on-site configurations must be
discarded in the N body analysis since the energy cost of
these pairs is two orders of magnitude greater than that
associated to pairs in other configurations. One can also
justify ignoring on-site pairs as a condition compatible
with the minimization energy requirement of the BCS
scheme.
4IV. BARDEEN-COOPER-SCHRIEFFER
SUPERFLUIDITY
Our starting point is the many body Hamiltonian that
represents the model depicted in section II and consid-
ers the prescriptions, established in the previous section,
on dipole-dipole interactions placed in on-site positions.
With this in mind, the effective Hamiltonian of this dipo-
lar Fermi system is given by
H = −t
∑
〈i,j〉
(a†i aj + b
†
i bj + h.c.) (3)
+
∑
i6=j
Vdip(i− j)a†i b†j bjai − µ
∑
i
(a†i ai + b
†
i bi),
here, the nearest-neighbor tunneling strength has been
identified with the usual label t, operators ai (a
†
i ) and bi
(b†i ) destroy (create) Fermi molecules at sites i in layers
A and B respectively and µ is the chemical potential.
It is important to notice that the effective Hamiltonian
(3) has the particle-hole symmetry (ai, bi)→ (a†i , b†i ) and
(a†i , b
†
i ) → (ai, bi), where the filling factor transform as
n→ 1− n , the nearest neighbor tunneling t→ −t, and
the chemical potential as µ → −µ +∑i Vdip(i). As de-
scribed above, due to long range attractive interactions,
molecules in different layers can form pairs at low tem-
peratures, particularly p−wave pairing is the dominant
symmetry as a result of Fermi statistics. To study this su-
perfluid pairing state at T = 0 we use the self-consistent
Hartree-BCS approximation. Due to no interlayer hop-
ping, the Fock contribution to the decoupling of the in-
teraction term is absent. Assuming pairing between k
and −k states, the mean-field Hamiltonian in momen-
tum representation becomes
H =
∑
k
ξk(a
†
kak + b
†
kbk) + ∆
∗
kb−kak + ∆ka
†
kb
†
−k, (4)
where ξk = k − µ + nVdip(k = 0), k = −2t(cos kxa +
cos kya) is the band energy, and ∆k is the superfluid order
parameter given by
∆k =
1
Ω
∑
k′
Vdip(k− k′)〈b−k′ak′〉.
As standard, a Bogoliubov transformation leads us to ob-
tain coupled equations for the energy gap and the number
occupation,
∆k = − 1
Ω
∑
k′
Vdip(k− k′) ∆k
′
2Ek′
tanh
(
βEk′
2
)
, (5)
nA =
1
2
[
1− 1
Ω
∑
k
ξk
Ek
tanh
(
βEk
2
)]
, (6)
where the quasiparticle energy spectrum is Ek =√
ξ2k + |∆k|2 and β = 1/(kBT ), with kB the Boltzmann
constant. To calculate the energy gap as a function of the
effective dipole-dipole interaction χ and the filling factor
n, we consider the physics provided by the two body anal-
ysis of the previous section. That is, the N -body problem
will be studied for χ ∈ [0, 0.5] and n ∈ [0, 1].
In our calculations we solve self-consistently Eqs. (5)
and (6), considering that each lattice has Ω = 121× 121
sites, and equal filling factors nA = nB in each layer.
A. px + ipy superfluid pairing
At T = 0 Eqs. (5) and (6) leads to a gap energy ∆k
that exhibits an antisymmetric behavior characteristic
of px + ipy pairing. For illustration purposes in Fig. 5
we show the obtained energy gap parameter for a cou-
pling strength χ = 0.4, and a filling factor n = 0.16.
Solid and dashed lines correspond respectively to real
and imaginary parts of ∆k, plotted as a function of
kxa and kya In the upper figure we plot ∆k consid-
ering kya = 0, conversely, lower figure corresponds to
kxa = 0. As can be appreciated from these figures our
model supports an almost pure l = 1 superfluid phase
since ∆k ∝ sin kxa+ i sin kya. As found by [27] the solu-
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FIG. 5: (Color online) Energy gap parameter ∆k as a function
of k for filling factor n = 0.16, coupling strength χ = 0.4 and
T = 0. Upper and lower panels correspond to kya = 0 and
kxa = 0 respectively.
tion px + ipy is the candidate for the most stable p-wave
pairing, in contrast to pz symmetry [28]. Even more, the
px + ipy pairing breaks time-reversal symmetry and it is
5a class D topological superfluid with Majorana modes at
its edges.
When the interaction strength or the filling factor
are large enough, the system becomes unstable towards
phase separation. In order to study this behavior in Fig.
6 we plot the chemical potential as a function of the filling
factor n for interaction strength χ = 0.4 at zero tempera-
ture. These results can be compared with those made for
single layer models [29, 30] where Pauli exclusion prin-
ciple prevents particles to occupy the same lattice site.
Several conclusions can be made from the information
encoded in Fig. 6. Stability criteria for the compressibil-
ity κ = 1/n2(∂n/∂µ) demands κ > 0, thus, the collection
of points having negative derivative in the curve µ vs. n
cannot exists. Arrows at maximum and minimum values
of µ indicate the range of n for which the system is unsta-
ble. The phase separation region can be recognized from
the Maxwell construction of equal areas, however due to
the particle-hole symmetry, such construction simplifies
to determine the filling factor n1, which satisfies the fol-
lowing condition, µ(n1) = µ(n = 0.5) = µ(1− n1). Blue
shaded region in Fig. 6 illustrates Maxwell construc-
tion of equal areas. Solid black lines separate stable and
metastable SF phases, that is, within the region labeled
PS -phase separation- the system becomes a mixture of
SF phases at different densities.
SF SFPS
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FIG. 6: (Color online) Chemical potential µ vs filling factor
n at T = 0, and interaction strength χ = 0.4. Black solid line
separates stable from metastable p-wave superfluid phases.
For values of filling fractions inside the range indicated with
black arrows
B. Phase diagrams
In Fig. 7 we illustrate several “iso-interaction” curves
with the purpose of establishing the coexistence curve
of our model. That is, values of µ for which the state
is composed of superfluids at different densities. The
blue shaded region bounds the metastable and unstable
states referred before. The iso-interaction curves allow
us to distinguish the first order transition. The behavior
of the derivative of the chemical potential with respect to
filling factor suggest that a second order phase transition
must occur at half filling and χ = 0, however, as we show
below, the phase separation region shrinks at half filling
and χ → 0, that is phase separation no longer exists in
this case.
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FIG. 7: (Color online) Dotted curves correspond to chemical
potential µ as a function of the filling factor n at T = 0,
for different values of interaction strength χ, the values of
this parameter from bottom to top are 0.48, 0.44, 0.38, 0.32,
0.26, 0.2, 0.12, 0.07 and 0.01 respectively. Blue shaded region
bounds metastable and unstable states.
In Fig. 8 we show the phase diagram of our model as
a function of χ and n. There one can observe both, the
regions where stable superfluid phases exist, as well as
regions where the system is unstable and consequently
the superfluid become fragmented in superfluid phases
having different densities. At a critical interaction of χ ≈
0.494 the phase separation occurs between n = 0 and n =
1. When the interaction is above this critical value the
system becomes a mixture of n = 0 and n = 1 densities,
and no superfluid phases occur since the stable states are
the zero particle or zero hole densities which are the well
known insulating states.
V. BEREZINSKII-KOSTERLITZ-THOULESS
SUPERFLUIDITY
As it is well known, in two dimensional systems no long
range order of conventional type emerges, instead, a BKT
finite temperature transition characterized by topological
ordering [31–33], thus the p−wave superfluid phase pre-
dicted by our model must be of this type. To determine
the critical temperature at which the dipolar Fermi sys-
tem becomes a BKT superfluid we proceed as delineated
in [34]. By introducing a gauge transformation on the
6� ��� ��� ��� ��� �
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χ
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FIG. 8: (Color online) Dimensionless interaction coupling pa-
rameter χ vs filling factor n at T = 0. Brown shaded regions
identify stable superfluid phases, while blue surface indicate
the values of χ and n for which the system becomes phase
separated and thus a mixture of superfluids at two densities
coexist.
system Hamiltonian written in the space representation;
(a†i , ai), (b
†
i , bi) → (a†i eiθ·ri , aie−iθ·ri), (b†i eiθ·ri , bie−iθ·ri),
being θ =
(
θx
aNx
,
θy
aNy
)
, it is possible to recognize that the
density separates in both, normal and superfluid compo-
nents. The superfluid density can be determined as the
difference between the normal and superfluid free ener-
gies,
ρα,α′ = lim
Θ→0
1
Nt
FΘ − F0
ΘαΘα′
=
1
Nt
∂2FΘ
∂Θα∂Θα′
, α = {x, y},
(7)
then, after performing a series expansion up to second
order in θx and θy one can find the final expression for
the superfluid density tensor,
ραα′ =
1
a2Ω
∑
k
(
n(k)
∂2k
∂kα∂kα′
− Y (k) ∂k
∂kα
∂k
∂kα′
)
, (8)
being α, α′ = x, y, n(k) the momentum distribution and
Y (k) = β sech2(βEk/2)/4 the Yoshida function. Since
the off-diagonal matrix elements of the superfluid density
tensor are negligible, the superfluid density is approxi-
mately given by ρ ≈ (ρxx + ρyy)/2. In order to estimate
the critical temperature one has to impose the following
BKT condition [31–33],
ρ(TBKT ) =
8
pi
kBTBKT . (9)
In Fig. 9 the blue solid line represents the superfluid
density as a function of temperature, while red dashed
line represents the right hand side of Eq. 9. We find that
the crossing between blue curve and red dashed line takes
place at kBTBKT = 0.0028t. For dipolar Fermi molecules
of NaK [35] confined in an optical lattice having a wave
length λ ≈ 1064 and an lattice depth of V0 = 5Er [36] the
estimated critical transition temperature is TBKT ≈ 0.6
0 0.001 0.002 0.003
0
0.2
0.4
kBT/t
ρ/t
FIG. 9: (Color online) Blue solid line is the superfluid density
as a function of temperature obtained from BCS mean field
scheme. The intersection of the red dashed line and blue curve
corresponds to the critical temperature at which BKT transi-
tion occurs for an effective dipole-dipole interaction strength
χ = 0.4 and a filling factor n = 0.16.
nK. Despite the fact this temperature is very low, it is
important to stress that this bilayer system is intended
to be realized by using subwavelength lattices [37–39],
where we may have L ≈ 50 nm. In this scenario, the
critical temperature for a Fermi gas of NaLi molecules,
under the same condition V0 = 5Er is about TBKT ≈ 4
nK.
VI. CONCLUSIONS
We have investigated p−wave superfluidity in a model
of dipolar Fermi molecules confined in two parallel op-
tical lattices in 2D, separated at a fixed distance. The
dipole moments of molecules oriented perpendicular to
the layers in opposite directions in different layers give
rise to repulsive interactions for molecules situated at
the same lattice site, while experiencing an attractive
interaction in other cases. The nature of such an electro-
static interaction, together with the attributes of dipo-
lar interactions, are responsible of p = px + ipy super-
fluid phases in our model. To determine the existence
of superfluid phases we first addressed the two body
physics and demonstrated that, depending on the value of
the effective interaction coupling between molecules, two
body bound states or scattered states are formed. The
many body physics analyzed within the BCS mean field
scheme leads us to conclude that resulting from both,
long range and anisotropic character of dipolar interac-
tions, the energy gap parameter shows an antisymmetric
behavior, characteristic of p = px + ipy phases. The
phase diagram at T = 0 shows stable and metastable
phases, being the latter a mixture of superfluid phases
at different densities, thus providing evidence of a first
order phase transition between both superfluids. We
also estimate the BKT transition temperature of the
7p = px + ipy superfluid state, considering recent exper-
imental advances in dipolar ultracold Fermi molecules
of NaK, being TBKT = 0.6nK. Compared with other
p−wave proposals, the model here discussed represents
a genuine candidate to address the physics of the ruthen-
ates, since it contains the strong on-site repulsion, which
is an essential ingredient in unconventional superconduc-
tivity of those compounds. In addition, both, our model
and ruthenate compounds, share the peculiarity of being
composed of layered structures.
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